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Abstract 

We introduce the class of split regular Hom-Leibniz algebras as the natural 
generalization of split Leibniz algebras and split regular Horn-Lie algebras. By de¬ 
veloping techniques of connections of roots for this kind of algebras, we show that 
such a split regular Hom-Leibniz algebra L is of the form L = U + Y %] with 

[i]6A/~ 

U a subspace of the abelian subalgebra H and any , a well described ideal of L, 
satisfying [lyplj;;,]] = 0 if [j] ^ [k]. Under certain conditions, in the case of L being 
of maximal length, the simplicity of the algebra is characterized. 
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II 

1 Introduction 

The notion of Horn-Lie algebras was introduced by Hartwig, Larsson and Silvestrov 
to describe the g-deformation of the Witt and the Virasoro algebras [1]. Since then, 
many authors have studied Hom-type algebras [2H7]. The notion of Leibniz algebras was 
introduced by Loday [S], which is a “nonantisymmetric” generalization of Lie algebras. 
So far, many results of this kind of algebras have been considered in the frameworks of 
low dimensional algebras, nilpotence and related problems [9HI3]. In particular, Makhlouf 
and Silvestrov introduced the notion of Hom-Leibniz algebras in HI, which is a natural 
generalization of Leibniz algebras and Horn-Lie algebras. 
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As is well-known, the class of the split algebras is specially related to addition qnan- 
tnm nnmbers, graded contractions, and deformations. For instance, for a physical system 
which displays a symmetry of L, it is interesting to know in detail the structnre of the 
split decomposition because its roots can be seen as certain eigenvalues which are the 
additive quantum numbers characterizing the state of such system. Determining the 
structure of split algebras will become more and more meaningful in the area of research 
in mathematical physics. Recently, in [T51 - IT8] . the structure of arbitrary split Lie al¬ 
gebras, arbitrary split Leibniz algebras, arbitrary split Lie triple systems and arbitrary 
split regular Horn-Lie algebras have been determined by the techniques of connections of 
roots. The purpose of this paper is to consider the structure of split regular Hom-Leibniz 
algebras by the techniques of connections of roots based on some work in [TBlfTT] . 

Throughout this paper, split regular Hom-Leibniz algebras L are considered of arbi¬ 
trary dimension and over an arbitrary base held K. This paper is organized as follows. 
In section 2, we establish the preliminaries on split regular Hom-Leibniz algebras theory. 
In section 3, we show that such an arbitrary regular Hom-Leibniz algebra L with a sym¬ 
metric root system is of the form L = U + X][j]eA/~-^[i] with U a subspace of the abelian 
subalgebra H and any /[j] a well described ideal of L, satisfying [/[j],/[fc]] = 0 if [j] ^ [k]. 
In section 4, we show that under certain conditions, in the case of L being of maximal 
length, the simplicity of the algebra is characterized. 


2 Preliminaries 

First we recall the dehnitions of Leibniz algebras, Horn-Lie algebras and Hom-Leibniz 
algebras. 

Definition 2.1. [5] A right Leibniz algebra L is a vector space over a base field IK 
endowed with a bilinear product [•, •] satisfying the Leibniz identity 

[[y,A^A = + [y^ 

for all x,y,z ^ L. 

Definition 2.2. |S] A Hom-Lie algebra L is a vector space over a base field K. endowed 
with a bilinear product 

[■,■]: Lx L^L 

and with a linear map : L ^ L such that 

1 - A,y] = -[y,A> 

2. [[x,y],(p{z)] + [[y,z],(p{x)] + [[z, x], (p{y)] = 0, 

for all x,y,z G L. When cf furthermore is an algebra automorphism it is said that L is a 

regular Hom-Lie algebra. 

Definition 2.3. [13] A Hom-Leibniz algebra L is a vector space over a base field IK 
endowed with a bilinear product 

[•,•]: L X L ^ L 
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and with a linear map (j) : L ^ L satisfying the Hom-Leibniz identity 


[[y, z], (f){x)] = [[y, x], (f){z)] + [0(|/), [z, x]], 

for all x,y, z ^ L. When 0 furthermore is an algebra automorphism it is said that L is a 

regular Horn-Leibniz algebra. 

Clearly Horn-Lie algebras and Leibniz algebras are examples of Hom-Leibniz algebras. 

Throngliont this paper we will consider regnlar Hom-Leibniz algebras L being of 
arbitrary dimension and arbitrary base field K. N denotes the set of all non-negative 
integers and Z denotes the set of all integers. 

For any x G L, we consider the adjoint mapping ad^; : L —)■ L dehned by adx{z) = 
[z,x\. A snbalgebra A of L is a linear snbspace snch that [A, A] C A and 0(A) = A. A 
linear snbspace / of L is called an ideal if [/, L\ + [L, /] C / and 0(1) = I. 

Let L be a Hom-Leibniz algebra, the ideal J{L) generated by {[x, x] : x G L} plays 
an important role in the theory since it determines the non-Lie character of L. For 
convenience, write J for J{L). From the Hom-Leibniz identity, this ideal satishes 

[L,J]=0. (2.1) 

Let us introduce the class of split algebras in the framework of regular Hom-Leibniz 
algebras. Denote by FT a maximal abelian subalgebra of a Hom-Leibniz algebra L. For a 
linear functional 

a : iF ^ K, 

we dehne the root space of L (with respect to FF) associated to a as the subspace 

La = {va £ L : [va, h] = a{h)(j){va) for any h G H}. 

The elements a : H ^ K satisfying La ^ d are called roots of L with respect to H. We 
denote A := {a G H* \ {0} : La ^ 0}. 

Definition 2.4. We say that L is a split regular Hom-Leibniz algebra, with respect 
to H, if 

L = FT 0 (©agA-ha). 

We also say that A is the roots system of L. 

Note that when 0 = Id, the split Leibniz algebras become examples of split reg¬ 
ular Hom-Leibniz algebras. Hence, the present paper extends the results in na. For 
convenience, the mappings (fin, (f\jl . H ^ H will be denoted by 0 and 0“^ respectively. 

Lemma 2.5. For any a, 0 G A U {0}, the following assertions hold. 

1 . (j)(^La) CZ 0 (^ 0—1 and 0 (,La) C Latp. 

2. [Lq,, (Z 1. 
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Proof. 1. For h E H write fi = Then for all h E H and Va E La, since 

[va, h] = a{h)(f){va), one has 

[(j){va),h'] = (j){[va,h]) = a{h)(j){(j){Va)) = a(j)~^{h')(j){(j){Va)). 

Therefore we get ((>{va) E La^-i and so 4>{La) C Larp-i. In a similar way, one gets 

0 {.^a) C La(f). 

2. For any h E H , Va E La and Vp E Lp, by denoting h' = (p{h), by Hom-Leibniz 
identity, we have that 

[K, vp], h'] = [[va, vp], (j){h)] = [[n„, h], (j){vp)] + [(j){va), [vp, h]] 

= [a{h)(j){Va),(f>{vp)] + [(f){Va),/3{h)((){vp)] 

= {a + P){h)(j){[va,vp]) 

= {a +I3)4>~^{h')(j){[va,vp]). 

Therefore we get [va,vp] E Lap-i+pp-i and so [La,Lp] C Lap-i+pp-i. □ 

Lemma 2.6. The following assertions hold. 

1. If a E A then E A for any z eTL. 

2. To = H. 

Proof. 1. It is a consequence of Lemma [2.51 1. 

2. It is clear that the root space associated to the zero root satishes H C Lq. 
Conversely, given any no G Lq we can write 

Vo = h® {®^=iVai), 

where h E H and Uq,. G Lq. for i = 1, - ■ ■ ,n, with ofj ^ aj il i pi j. Hence 

0 = [h © (©"^iUqJ, h'] = ®1=iai{h')(j){vai), 

for any h' G H. Hence Lemma 12.51 1 and the fact a* 7 ^ 0 give ns fo,. = 0 for i = l,---,n. 
So Vq = h E H . □ 

Definition 2.7. A root system A of a split Hom-Leibniz algebra is called symmetric if 
it satisfies that a E A implies —a E A. 


3 Decompositions 

In the following, L denotes a split regular Hom-Leibniz algebra with a symmetric 
root system A and L = LT © (©q,6aLq) the corresponding root decomposition. Given a 
linear functional a : Ff —)■ IK, we denote by —a : FF —)■ IK the element in H* dehned by 
{—a){h) := —a{h) for all h E H. We begin by developing the techniques of connections 
of roots in this section. 
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Definition 3.1. Let a and (3 be two nonzero roots. We shall say that a is connected to 
(3 if there exists ai, ■ ■ ■ ,ak & A such that 

If k = 1, then 

1. Oi e : n e N} n {±(3(j)~^ : m G N}. 

Ifk>2, then 

1. Oi e : n e N}. 

2. Oli<p ^ -t- 020 ^ ^ Aj 

CXlcj) ^ ~1“ 020 ^ A 030 ^ G A, 

Oi0 ^ 020 ^ A Oi^cj) ^ -1- 040 ^ G A, 


Oi0 * + 020 * + 030 + ■ • • + Oj_|_i0 ^ G A, 


Oi0“^+^ + a24>~^~^‘^ + 030“^+^ +-h + • • • + Ofc_i0“^ G A. 

3. Oi0“^+^+ O20“*'’''^+ 030“*^+^H-|-Oj0“*^+*“^H-|-Ofc0“^ G {±00“™ : m G N}. 

We shall also say that {oi, • • • , o^} is a connection from a to (3. 

Observe that the case fc = 1 in Definition 13.11 is equivalent to the fact (3 = eo0^ for 
some 2 ; G Z and e G {±1}. 

By straightforward computations, we can easily get the following proposition: 

Proposition 3.2. Let L be a split Hom-Leibniz algebra relative to abelian subalgebra H 
with roots system A and J an ideal of L satisfying [L, J] = 0. Then the semi-direct product 
L = L >i L/ J with respect to the operation given by 

[(a, x + J),{h,y + J)] = ([a, y] - [fe, x], [x, y] ± J) 

is a Horn-Lie algebra which has weight decomposition relative to abelian subalgebra H/ J fl 
H G L/ J G L, all adjoints are diagonalizahle, and the roots system is exactly A : 

L\ = L\® {Lx/ La n J). 

From Proposition [221 we can see roots system A in a Hom-Leibniz algebra is the same 
in a Horn-Lie algebra. By m Lemmas 2.2, 2.3, Proposition 2.4], we get the following 
Lemmas 13.3113.41 and Proposition 13.51 

Lemma 3.3. For any a G A, we have that is connected to for every zi,Z 2 G Z. 
We also have that acj)^^ is connected to in case G A. 

Lemma 3.4. Let {oi, • • • , 0 ^} be a connection from a to (3. Then the following assertions 
hold. 
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1. Suppose ai = acj) "',n G N. Then for any r G N such that r > n, there exists a 

connection {ai, ■ ■ ■ ,ak} from a to (3 such that ai = . 

2 . Suppose that ai = in case k = 1 or 

H-1- ak(j)~^ = e/3(j)~'^ 

in case k > 2, with m G N and e G {±1}- Then for any r G N such that r > m, there 

exists a connection {ai, ■ ■ ■ , a^} from a to (3 such that cti = e(3(f)~^ in case k = 1 or 

+ • • • + olk(j)~^ = ef3(j)~^ 


in case k >2. 

Proposition 3.5. The relation ~ in A, defined by a ^ (3 if and only if a is connected to 
(3, is of equivalence. 

Proposition 13.51 tells us the connection relation ~ in A is an equivalence relation. So 
we denote by 

A/ ~:= {[a] : a G A}, 

where [a] denotes the set of nonzero roots of L which are connected to a. Our next goal 
is to associate an adequate ideal fia] to any [a]. For a hxed a G A, we dehne 

Jo,[a] := spanK{[A/3, A-/?] : fi G [a]} C H 


and 


V[a] ■= ©/3G[a]Ay3- 

Then we denote by /[„] the direct sum of the two subspaces above, that is, 

I[a] ■= Io,[a] ® hja]- 

Proposition 3.6. For any a E A, the linear subspace fia] is a subalgebra of L. 


Proof. First, it is sufficient to check that I[a\ satisfies [I[a], J[a]] C J[a]- By Jo,[a] C H, 
it is clear that [Jo,[a], Jo,[a]]=0 and we have 


1^0,w ffi VJ„], /ojfi] © Vjfl] C [/oj„|, V[,5|] + [/o.ifl] + |VJ„], Vif], 


(3,2) 


Let us consider the first summand in fl3.2p . For (3 E [a], by Lemmas 12.51 and 13.31 one 


Similarly, we can also get 


G [a]. Hence 


[Io,[a],V[a]\ C V[a]. 

(3.3) 

[h[a], [h,[a]] C h[«]- 

(3.4) 


Next, we consider the third summand in fl3.2p . Given (3, 'j E [a] such that [Li 3 ,Lfi 7 ^ 0, 
if 7 = —(3, we have [LyjLfi = [L^,L_,g] C Jo,[a]- Suppose 7 7 ^ —fi, by Lemma [231 -2. one 
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gets + 70“^ € A. Therfore, we get {/9,7} is a connection from (3 to + 70“^- 
The transitivity of ~ gives that + 70“^ G [a] and so [Lp,L^] C C V[a]- 

Hence 

[©/3G[a]-^/3, ©/3G[a]-^^] © [a] © i^a] • 


That is, 

[Via], V[„]] C/[a]. (3.5) 

From (|3.2p . (|3.3p . (13.dp and (|3.5p . we get [/[«],/[oj] C /[oj. 

Second, we have to verify that 0(/[a]) = f^faj- It is a direct conseqnence of Lemmas 
I2.5f l and 13.31 □ 


Proposition 3.7. If [a] ^ [fl], then [/[«],= 0. 


Proof. We have 

l-fojol ® Vj„]. /oj^i ® Vjfl] c [/o,[„|, Vjj,|] + [V[c\, + IVjol, VmY 


(3.6) 


Let ns consider the third snmmand [Via],Vi/ 3 ]] in (13.6p and snppose there exist Oi G [a] 
and 02 G [/d] such that ^ 0. By known condition [o] 7 ^ [/3], one gets oi 7 ^ — 02 . 

So Oi0“^ + 020 “^ G A. Hence {oi, 02 , —Oi0“^} is a connection from oi to 02 . By 
the transitivity of the connection relation, we have o G [/?], a contradiction. Hence 
[Lq^, La 2 ] = 0 and so 


[V[a], V[y3]] = 0. 

(3.7) 

Next we consider the hrst summand [Iq ]„], Vi/jj] in (j3.6p. Let us 
and conclude that 

take Oi G [0] and 02 G [(3] 

*^2([-^Q1 ; —Ql]) 0. 

Indeed, by applying Hom-Leibniz identity and (13.7p. one gets 

(3.8) 

[ 0 (^ 02 ), [Aai,L—Qi]] = 0. 

By (j) is an algebra automorphism and (13.Op. one gets 

(3.9) 

0[(Aa2),0 [©ai, A—Qi]] = 0, 

that is 

(3.10) 

[(Aa2),0 ^[Aqi, A-aJ] = 0, 

where C H. Hence (|3.1ip rives 

(3.11) 

02(/>“^([Aai, A_ai]) = 0, 

(3.12) 

for any Oi G [0] and 02 G [/ 3 ]. By Lemma | 2 . 5 fl and 0 is an 
get 

0 ( [-^ap 7 —Ql ]) ^ 77 

that is 

[-^ai7-^—ap] ^ 7 Qp^~^] ) 

algebra automorphism, we 
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and by fl3.12p . one gets 


^2([-^ai:Ql]) 0* 

From [L« 2 , [La^,L_aJ] C a 2 ([F„i, F_„J)(/)(L„ 2 ) = 0, we prove that [/q,[«],%]] = 0. In a 
similar way, we get [Vj^],/ qj/?]] = 0 and we conclnde, together with fl3.6p and fl3.7p . that 

[^[a],/[/?]]= 0. □ 

Definition 3.8. A Hom-Leibniz algebra L is said to be simple if its product is nonzero 
and its only ideals are {0}, J and L. 

It shonid be noted that the above definition agrees with the definition of simple 
Horn-Lie algebra, since J = {0} in this case. 

Theorem 3.9. The following assertions hold. 

1. For any a G A, the subalgebra 

I [a] = Io,[a] ® Via] 

of L associated to [a] is an ideal of L. 

2. If L is simple, then there exists a connection from a to (3 for any a,/9 G A and 

Proof 1. Since [I[a], H] + [H,Iia]] = [/[„], Lq] + [Lo,I[a]] C Vja], taking into acconnt 
Propositions 13.61 and 13.71 we have 

[I[a],L] = [I[a],H © (©^g[o]L/3) © {<3)^^ia]L^)] C /[„] 


and 

[L,I[a]\ = [H (B {®g^[a]Lj3) © {Q)^^ia]Ly), Iia]] C /[„]. 

As we also have by Lemmas 12.51 1 and 13.31 that (f>{I[a]) = I[a], we conclude that /[□,] is an 
ideal of I. 

2. The simplicity of L implies /[„] G {J,L} for any a G A. If some a G A is 
such that I [a] = L then [a] = A. Hence, L has all of its nonzero roots connected and 
H = E.AA [La, L-a]. Otherwise, if /[„] = J for any a G A then [a] = [(3] for any a, (3 & A 
and so [a] = A. We also conclude that L has all of its no n zero roots connected and 

Theorem 3.10. For a vector space complement U of spanK{[La, L^a] ■ a E A} in H, we 
have 

L = U + ^ I[a], 

[q;]^A/~ 

where any /[qJ is one of the ideas of L described in Theorem \S.9[ -l. satisfying [I[a], I[p]] = 0, 
whenever [a] ^ [j3]. 









Proof. Each I^a] is well defined and, by Theorem 13.91 -1. an ideal of L. It is clear that 
L = H (B (©o-eA-ha) = U + I[a]- 

[q;]gA/'^ 

Finally Proposition 13.71 gives ns [I[a],I[i 3 ]\ = 0 if [a] □ 

Definition 3.11. The annihilator of a Hom-Leibniz algebra L is the set Z(L) = {x G 
L : [x,L] + [L,x] = 0}. 

Corollary 3.12. If Z{L) = 0 and [L, L] = L, then L is the direct sum of the ideals given 
in Theorem AS.fA 

L = ©[Q]GA/~-f[a]- 

Proof From [L,L] = L, it is clear that L = ©[a]GA/~-f[Q]- Finally, the snm is direct 
becanse Z{L) = 0 and [I[a],I\j 3 ]\ = 0 if [a] 7 ^ [/?]. □ 

4 The simplicity of Split regular Hom-Leibniz alge¬ 
bras of maximal length. 

In this section we focus on the simplicity of split regular Hom-Leibniz algebras by 
centering our attention in those of maximal length. From now on char(]K)=0. 

Definition 4.1. We say that a split regular Hom-Leibniz algebra L is of maximal length 
if dimLa=l for any a G A. 

Lemma 4.2. Let L be a split regular Hom-Leibniz algebra with Z(L) = 0 and I an ideal 
ofL. IfIcH then I = {0}. 

Proof. Suppose there exists a nonzero ideal / of L such that I G H. We get 
[I,H] + [iL, /] C [H,H] = 0. We also get [I,(BaeALa\ + [©aGA-ha,-f] C I C H. Then 
taking into account H = Lq, we have [/, ©ogA-ha] + [©agA-^a,/] C H D {(BaeALa) = 0. 
From here I C Z(L) = 0, which is a contradiction. □ 

Lemma 4.3. For any a,(I E A with a ^ (3 there exists ho E H such that a{ho) 7 ^ 0 and 
a{ho) 7 ^ l3{ho). 

Proof. This can be proved completely analogously to [121 Lemma 4.2]. □ 

Lemma 4.4. Let L = H (B {(BaeALa) be a split regular Hom-Leibniz algebra. If I is an 
ideal of L then J = (/ n if) © (©agA(-f © La)). 

Proof. Let x E I. We can write x = h + with h E H, Vaj G Lq,^. and 

Oj 7 ^ Ofc if j 7 ^ k. Let us show that any Va^ E I. 
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If n = 1 we write x = h + Va^ G I. By taking h' E H such that ai{h') 7^ 0 we have 
[x,h] = aiih )0(nQ,J G / and so 0(nQ,J G I. Therefore 0“^(0(nQj) = Va^ G I. 

Suppose now n > 1 and consider ai and 02- By Lemma IT73] there exists ho E H such 
that ai(ho) 7^ 0 and ai(ho) 7^ 02(^0). Then we have 

I 3 [x, ho] = Q!i(ho)0(nai) + a2(ho)0(n«2) H-h a„(ho)0(na„) (4.13) 

and 

/ 3 (j){x) = (j){h) + 0(fai) + 0 (^ 02 ) S-^ (4-14) 

By multiplying fl4.14p by 02(^0) and subtracting fl4.13p . one gets 

a 2 {ho)(j){h) + (02(^0) - ai(ho)) 0 (nai) + (02(^0) - a 3 (ho)) 0 (i^« 3 ) 

+ • • • + (a2(ho) — <yn{ho))(j){Va„) E I. 

By denoting h := a 2 {ho)(j){h) E H and := ( 02 (^ 0 ) — Q;j(ho))0(nQj G Lq,. 0 -i, we can 

write 

h + + Va^^-l + • • • + G /. (4-15) 

Now we can argue as above, with fl4.15p . to get 

h + Va^^-2 + Va^tj)-2 + • • • + Va^^-2 E /, 

ioi h E H and Va ^^-2 E Lq,^- 2. Following this process, we obtain 

h + G /, 

with h E H and Vaj^^-n+i G L^^^p-n+i. As in the above case n 
Vai<f>-"+^ £ I and consequently Va^ = ^ 4. 

In a similar way we can prove that Uq,. G / for i E {2, • • 
complete. 

Let us return to a split regular Hom-Leibniz algebra of maximal length L. From now 
on L = H(B{(BaeALa) denotes a split Hom-Leibniz algebra of maximal length. By Lemma 
14.41 we assert that given any nonzero ideal J of L then 

/ = (JnFr)©(©„ 6A^L„), (4.16) 

where := {a G A : J fl ©„ 7^ 0}. 

In particular, case /=J, we get 

J= (JnFT) © (©„eA^L„). (4.17) 


= 1, we conclude that 

• ,n}, and the proof is 

□ 
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From here, we can write 

A = A^UA^'^, (4.18) 

where 

A-^ := {« e A : C J} 

and 

A"-^ := {a e A : n J = 0}. 

Therefore 

L = H (B {(BaeA-^jLa) © (©^g^-^-^^)- (4.19) 

We note that the fact that L = [L,L], the split decomposition given by fl4.19p and 
( 12.1 p show 


H= (4.20) 

Now, observe that the concept of connectivity of nonzero roots given in Dehnition l3.ll 
is not strong enongh to detect if a given a G A belongs to A"^ or to A”''^. Conseqnently 
we lose the information respect to whether a given root space La is contained in J or 
not, which is fnndamental to stndy the simplicity of L. So, we are going to rehne the 
concept of connections of nonzero roots in the setnp of maximal length split regular Hom- 
Leibniz algebras. The symmetry of A*^ and A”''^ will be understood as usual. That is, 
A '^,7 G {j, is called symmetric if a G A'>' implies —a G A'*^. 

Definition 4.5. Let a^l3 E IsL with 7 G {J, ~'J}- We say that a is -connected to j3, 
denoted by a ~-,j {3, if there exist 


, ctfc £ 


such that 

1. {01,010 ^+020 ^,Oi0 ^ + 020 ^ + 030 ‘ ‘ ' , Oi0 + 020 + 030 + • • •-(- 

0 *0“*^+*“^ H-h Ofc0“^} C A'^, 

2. Oi G o0“”, for n G N, 

3. Oi0“^’''^ + 020“*^^^ + O30“^’''^ +-h Oi0“^+*“^ +-h ak(j)~^ G ±00“™, for m G M. 

We shall also say that { 01 , 02 , • • • , o^} is a -connection from a to ft. 

Proposition 4.6. The following assertions hold. 

1. If is symmetric, then the relation ~-,j is an equivalence relation in A“''^. 

2. If L = [L,L] and , A*^ are symmetric, then the relation ~-,j is an equivalence 

relation in A*^. 

Proof. 1. Can be proved in a similar way to Proposition 13.51 
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2. Let (5 e A*^. Since /3 7 ^ 0, fl4.20p gives us that there exists a G such 
that [ 0 (L/ 3 ), [Lq, L_q,]] 7 ^ 0. By Hom-Leibniz identity, either [[L^, Lq], 0(L_a)] 7 ^ 0 or 
[[L^, -L_q,], 0(-La)] 7 ^ 0. In the hrst case, the -ij-connection {/3, a, —a(j)~^} gives us (3 ~-,j {3 
while in the second one the -ij-connection {/3, —a, gives us the same result. Con¬ 

sequently is reflexive in A"^. The symmetric and transitive character of ~-,j in A"^ 
follows as in Proposition 13.51 □ 

Let us introduce the notion of root-multiplicativity in the framework of split regular 
Hom-Leibniz algebras of maximal length, in a similar way to the ones for split regular 
Horn-Lie algebras (see |T 6 ] ). 

Definition 4.7. We say that a split regular Hom-Leibniz algebra of maximal length L is 
root-multiplicative if the below conditions hold. 

1. Given a, (3 & A”'*^ such that -|- (3(j)~^ G A then [La, Ljs] 7 ^ 0. 

2. Given a G A"*^ and 7 G A*^ such that a(j)~^ -1- 7 ^“^ G A*^ then [La, L.y] 7 ^ 0. 

Another interesting notion related to split regular Hom-Leibniz algebras of maximal 
length L is those of Lie-annihilator. Write L = H ® {®a£A--jLa) ® (see fl4.19p L 

Definition 4.8. The Lie-annihilator of a split Hom-Leibniz algebra of maximal length 
L is the set 

ZLie(-h) =|x G L : [x,H ® (©Q.gA-'^-^o)] + [H ® (®aGA-^-^La), x] = o|- 
Clearly we have Z(L) C Zue{L). 

Proposition 4.9. Suppose L = [L,L] and L is root-multiplicative. If has all of its 
roots -^J-connected, then any ideal I of L such that I H ® J satisfies I = L. 

Proof. By fl4.16l) and fl4.18p . we can write 

I = (/ n AT) 0 ( 0 Q-igA-AiA„J © L/S.), 

where := A"*^ fl A^ and := A'^ n A^. Since I H ® J, one gets A~"I^ 7 ^ 0 and 
so we can take some Oq ^ such that 

Lao © L (4-21) 

By Lemma 1^751 1. 0(Aao) © Since L is of maximal length, we have 0 7 ^ 0(Aao) = 

© 000 - 1 - 114.211) and 0 is injective give us 0(©ao) © — L So, La^cfy-i C I. Similarly we 

get 

© 000 -" © for ri G N. (4.22) 

For any (3 G A~"'^, (3 ^ ±ao0~"', for n G N, the fact that oq and (3 are -iJ-connected gives 
us a -I J-connection {71, • • • , 7^} C A~"'^ from oq to (3 such that 
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1. {7i,7i0 ^+720 ^7l0 ^ + 720 ^ + 73</> \ ---,7i0 + 72</> + 730 H-K 

7fc0-^} C A--^, 

2 . 7 i e ao 0 “"', for n e N, 

3. 7 i 0 “^+^ + 720“^"'"^ + 730“^’*'^ + • • • + 7fc0~^ e ±/30“”^, for m G N. 

Consider 71,72 and 7i0“^ + 720 ”^- Since 71,72 G A"'^, the root-multiplicativity and 
maximal length of L show [L^^,L^ 2 ] = 1 + 720-7 by fl4.22p . C /. So we have 

^710-1+720-1 C /. 

We can argue in a similar way from 7 i 0 “^ + 720 ”^, 73, and 7i0“^ + 720 ”^ + 730”^ to get 

0- 2 +720- 2 +730-1 C /. 

Following this process with the -ij-connection { 71 , • • • , 7 ^}, we obtain that 

-f^7l0—*^+1+720—*^+^+730—*^+^3-I“7fc0—^ ^ 

From here, we get that either 


Lpcf)—'m d I or L_p(j)-m. d /, (4.23) 

for any f3 G A"'^, m G N. Note that 0 G A"-^ gives us 

/3(j)~'^ G A"-^, for m G N. (4.24) 

Since H = L-g], by fl4.23p and fl4.24p . we get 

H dl. (4.25) 

Now, given any 5 G A, the facts 6 ^ 0, H d I and the maximal length of L show that 

[Ls,H]=LsdI. (4.26) 

From fl4.25p and fl4.26p . we conclude I = L. □ 


Proposition 4.10. Suppose L = [L,L], Z(L) = 0 and L is root-multiplicative. If A~"'^, 
A^ are symmetric and has all of its roots -^J-connected, then any nonzero ideal I of 
L such that I d J satisfies either I = J or J = I ® K with K an ideal of L. 

Proof. By 04.161) and 04.18p . we can write 

/ = (J n if) 0 {(BaiGAJvLai), 

where A^^ C A'^. Observe that the fact Z(L) = 0 implies 

Jnii = {0}. (4.27) 
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Indeed, we have [L^, J H H] + [J (1 H, L^] C [L, J] = 0, for any a G and [H, J n H] + 
[J n H, H] = 0. So, [L, J n H] + [J n H, L] = 0. That is, J f] H C Z(L) = 0. Hence we 
can write 


I 




^OLi ? 


with 7 ^ 0, and so we can take some Oq G A*^’^ such that C /. We can argue with 
the root-multiplicativity and the maximal length of L as in Proposition 14.91 to conclude 
that given any (3 G A"^, there exists a -i J-connection { 71 , • • • , 7 ^} from uq to (3 such that 


[[•••[^ 7 l>^ 72 ]w],^ 7 fe] ^ mGN 


and so 


c /, for some e G ±1, mGN. (4.28) 

Note that /3 G A*^ indicates L/j C J. By 0 is injective, we get 0(T_a) C 0(J) = J- By 
Lemma [2751 -1. (l){Lp) C Lp^-i. Since L is of maximal length, we have 0 7 ^ 4>{L/3) = 

So, A/ 30-1 C j. Similarly we get 


Lp^-m c J, for mGN. (4.29) 

By fir:^ and (g^HD, we easily get 

6/3/30“™' G A*^’^ for any (3 G A'^, some ep G ±1 and mGN. (4.30) 

Suppose —ao G A'^'A Then we also have that {—71, • • • , —7fc} from —ao to 0 is a 
-ij-connection from —ao to (3 satisfying 

[[• • • ■ ■ ■ ]) G L_^ppp-m C / 

and so Lpp-m + L_pp-m c I. Hence, (14.1 7p and fl4.27p imply that I = J. 

Now, suppose there is not any ao G A'^’^ such that —ao G A-^'A (14.30^ allows us to 
write A-^ = A-^’^ U (—A'^’-'^). By denoting K = ©o.6a-^>^A_„., we have 

J = I®K. (4.31) 

Let us finally show that K is an ideal of A. We have [A, K\ C [A, J] = 0 and 


[iL, L] C [K, H] + [iL, ©/ 3 gA^jA/ 3 ] + [iL, ©^gy^-^A.^] C iL + [iL, ®p^f^--jLp]. 

Let us consider the last summand [iL, ®p^K-^jLp\ and suppose there exist a^ G A'^’^ and 
(3 G A"-^ such that [L_a^,Lp] 7 ^ 0. Since A_q,. C iL C J, we get + (3(j)~^ G A*^. 

By the root-multiplicativity of A, the symmetries of A"^ and A“'"^, and the fact Aq,, C 
I, one gets 0 7 ^ [La^yL^p] = La^p-^-pp-^ C I, that is, — f3(j)~^ G A'^'A Hence, 

—aicl)~^ + 00“^ G —A-^’^ and so [L^ai^Lp] C K. Consequently [Ky®p(z\-^jLp] C K. 

Next, we have to verify that (j){K) = K. Indeed, since /, J are two nonzero ideals, 
we have 0(1) = I and 0( J) = J- By (I4.3ip and 0 is an algebra automorphism, it is easily 
to get 0(iC) = K. We conclude that K is an ideal of A. □ 
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We introduce the definition of primeness in the framework of Hom-Leibniz algebras 
following the same motivation that in the case of simplicity (see Definition 13.81 and the 
above paragraph). 

Definition 4.11. A Hom-Leibniz algebra L is said to be prime if given two ideals I, K 
of L satisfying [J, K] + [K, I] = 0, then either I G {0, J, L} or K E {0, J, L}. 

We also note that the above definition agrees with the definition of prime Horn-Lie 
algebra, since J = 0 in this case. 

Under the hypotheses of Proposition 14.101 we have: 

Corollary 4.12. If furthermore L is prime, then any nonzero ideal I of L such that I ^ J 
satisfies I = J. 

Proof. Observe that, by Proposition 14.101 we could have J = I (BK with J, K ideals 
of L, being [J, K] + [K, /] = 0 as consequence of I, K C J. The primeness of L completes 
the proof. □ 

Proposition 4.13. Suppose L = [L,L], Zue{L) = 0 and L is root-multiplicative. If A~"‘^ 
has all of its roots -'J-connected, then any ideal I of L such that I ^ J satisfies I = L. 

Proof. Taking into account Lemma 14.41 and Proposition 14.91 we just have to study 
the case in which 

I = {I n H) (B 

where I H H ^ 0. But this possibility never happens. Indeed, observe that [La, I H H] -\- 
[I n H, La] C [La, H] -B [H, La] C La, for any a G and [La, I f] H] [I f] H, La] C 
[La, I] + [/, La] C /. So, [La, I D H][IH H, La] C Lq, n / = 0, for a G Since we also 

have [/ n H,H]-\- [H, I n H] G [H, H] = 0, one gets IH H C Zue{L) = 0, a contradiction. 
Proposition 14.91 completes the proof. □ 

Given any a G A'^, 7 G {J, ~^J}, we denote by 

Al := {/3 G AW /? a}. 

For a G A'l', we write := span^{[Lis, L_fi : fi G A;(} C H, and := (Bg^^iLp. We 
denote by the following subspace of L, Lj^i := 

Lemma 4.14. If L = [L,L], then Lj<^j is an ideal of L for any a G A*^. 

Proof. By fl4.2Up . we get LTa^ = 0 and so 

Laj = ©/3gajA^- 


It is easy to see that 


[Ls, Laj] + [Aaj, Ls] C [L, j] — 0, for 5 G A"^ 


(4.32) 
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and 


[^A^, + [H, Laj] C Laj. 


(4.33) 


We will show that 

[Lhi.L^] ^ for any 7 G A^'^. (4.34) 

Indeed, given any (3 E A'^ snch that [Lg, L^] 7 ^ 0 we have f3(p~^ + E A-^ and so {/5, 7 } 
is a -ij-connection from f3 to I3<p~^ + 70“^. By the symmetry and transitivity of in 
A'\ we get + 70“^ E A;(. Hence [L^^L^] C Laj, that is, fl4.34p holds, taking into 
account fl4.19p . by fl4.32p . fl4.33p and fl4.34p . we have 

[L, Laj] + [Lj^j,L] C Laj. (4.35) 

Next, we have to verify that 

4’i.Lxg) = Aaj. (4.36) 

Indeed, given (3 E A'l such that C Lj^j and we have [L^, J] = 0. By 0 is an algebra 
automorphism, one gets 

[0(L^),0(J)] = [0(L^),J] = O. (4.37) 

By Lemma and L is of maximal length, we get 0 7 ^ 4>{Li^) = Lp^-i. Therefore, fl4.37p 
gives us E A"^. That is, C L^, for r G A*^. Since L is of maximal length, 

(j){Lp) = Lt, for r G A"^. Hence fl4.36p holds. Consequently, it follows from fl4.35p and 
fl4.36p that Lj^j is an ideal of L. □ 

Theorem 4.15. Suppose L = [L,L], Zue{L) = 0, L is root-multiplicative. If A'’, A~"'^ are 
symmetric then L is simple if and only if it is prime and A'^, A~"'^ have all of their roots 
-^J-connected. 

Proof. Suppose L is simple. If A"^ 7 ^ 0 and we take a E A'^. Lemma [4.141 gives us 
Lj^g is a nonzero ideal of L. By L is simple, one gets L/^g = J = (see fl4.17p and 

fl4.27p i. Hence, Af = A-^ and consequently A*^ has all of its roots -iJ-connected. 

Consider now any 7 G A""^ and the subspace La^j. Let us denote by /(La-j) the 
ideal of L generated by La-j. We observe that the fact J is an ideal of L and we assert 
that /(La-j) n {(BseA-^jLs) is contained in the linear span of the set 

{[[••• K'’• • ■ ]Wa„]; [• • • [wi,W'],•••]]; 

[[• • • Ki,W'],• • • ]WaJ; [• • • K'•••]]; 

where 0 7 ^ uy G La-j, 0 7 ^ G La., Oj G A“'‘^and n G N}. 

By simplicity I{LAyj) = L. From here, given any 5 E A^"^, the above observation gives us 
that we can write 6 = + • • • + OLm4>~^ for 1 ^ A;)’'^, Oj G A"'^, 

m G N and being the partial sums nonzero. Hence { 7 ', Oi, • • • , am} is a -ij-connection 
from 7 to S. By the symmetry and transitivity of ~-,j in A^"^, we deduce 7 is -iJ- 
connected to any 6 E A~"'^. Consequently, Proposition 14.61 gives us that A^"^ has all of its 
roots -iJ-connected. Finally, since L is simple then is prime. 

The converse is a consequence of Corollary 14.121 and Proposition 14.131 □ 
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